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Abstract. A relaxed primordial power spectrum (PPS) of scalar perturbations arising
from inflation can impact the dark radiation constraints obtained from Cosmic Microwave
Background and other cosmological measurements. If inflation produces a non-standard PPS
for the initial fluctuations, a fully thermalized light sterile neutrino can be favoured by CMB
observations, instead of being strongly disfavoured. In the case of a thermal axion, the
constraints on the axion mass are relaxed when the PPS is different from the standard power
law. Based on Refs. [1, 2].
1. Introduction
In the Standard Cosmological model, inflation is the initial phase of accelerated expansion. It
was introduced [3, 4] to solve two well known problems of the Big Bang theory: the horizon
problem and the flatness problem. Inflation occurred at energy scales that cannot be tested in
laboratory, with the consequence that the only constraints come from cosmological observables:
among the others, the detection of a signal of primordial gravitational waves would be a strong
evidence for the inflationary paradigm. Several models were proposed to explain inflation, that is
a complex process: it can have different origins and it can influence the later evolution in different
ways. Among the relics of inflation, the power spectrum of the initial scalar perturbations Ps(k)
is one of the most important, since it gives the initial fluctuations that grow into the structures we
observe today. The simplest inflationary models predict a featureless primordial power spectrum
(PPS), that can be parameterized with a simple power-law (PL):
Ps(k) = As (k/k∗)ns−1 , (1)
where ns is the scalar spectral index, As is the PPS amplitude and k∗ is the pivot scale.
Deviations in the inflationary process can however lead to more complicate forms for the PPS
and eventually to the presence of features and scale dependencies (see e.g. Refs. [5, 6, 7, 8]).
The PPS of scalar perturbations can be studied only through the results of the cosmological
evolution and it cannot be probed directly: we use mainly the Cosmic Microwave Background
(CMB) radiation. The most precise measurements we have today on the CMB spectra are from
the WMAP [9] and the recent Planck [10, 11] experiments. The spectra obtained by both these
experiments were deeply studied and they show a very good agreement with the well known
ΛCDM theoretical model, but there are some hints, especially in the low multipole part of the
CMB spectrum, that some unexplained deviation from the ΛCDM model can exist: one example
is a dip in the temperature power spectrum at 20 ≤ ` ≤ 30, that is present both in the WMAP
and Planck spectra.
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Under the assumption of the ΛCDM model, many authors obtained constraints on the PPS
using the CMB data from these experiments, using different techniques: for example, we list
Refs. [12, 13, 14, 15]. These works show some common results: there is a range of wavemodes
where the PPS is well in agreement with the PL form, but some deviations can exist below
k ' 0.004 Mpc−1. These features can be interpreted as deviations in the PPS arising from a
non-standard inflationary model, unless they are just statistical fluctuations. Another possibility
is that the ΛCDM model is incomplete and some unknown physical process generates the features
in the CMB spectrum during the evolution.
We call “inflationary freedom” the possibility that inflation is generated in the context of
non-standard mechanism that gives possible deviations from the PL form of the PPS. We show
here that the “inflationary freedom” can have a strong impact on the constraints on dark
radiation properties. In particular, this contribution is based on Ref. [1] for the light sterile
neutrino constraints, presented in Subsection 3.1, and on Ref. [2] for the thermal axion analysis,
presented in Subsection 3.2. Before discussing these results, in the next Section we describe
our baseline theoretical model (Subsection 2.1) and our parameterization for the free PPS form
(Subsection 2.2).
2. Parameterization
2.1. ΛCDM model
We base our analysis on the well established ΛCDM model, that is the simplest description of the
observed Universe. The ΛCDM model can be described with six parameters: the energy density
of Cold Dark Matter (CDM) Ωch
2 and of baryons today Ωbh
2, the reionization optical depth τ ,
the ratio of the sound horizon to the angular diameter distance at decoupling θ. Additionally, two
parameters describe the simple power-law form for the PPS of scalar perturbations, presented
in Eq. 1: its tilt ns and its amplitude As, both fixed at the pivot scale k∗ = 0.05 Mpc−1. Other
quantities, such as the Hubble parameter today H0, are derived from the previous ones.
When we do not mention different prescriptions, we consider the neutrino parameters as
follows: the sum of the neutrino masses
∑
mν is fixed to the minimal value that neutrino
oscillations allow in the case of a normal hierarchy,
∑
mν = 0.06 eV, with one massive and two
approximately massless neutrinos. The effective number of relativistic species is defined with
the following relation:
ρr =
[
1 +
7
8
(
4
11
)4/3
Neff
]
ργ , (2)
where ρr (ργ) is the energy density of relativistic species (photons), 7/8 is for fermions, (4/11)
4/3
comes from the relation between the neutrino and the photon temperatures. If the standard
neutrinos are the only relativistic species in the early Universe in addition to photons and we
assume the standard thermal evolution, the effective number of relativistic species is fixed to
NSMeff = 3.046 [16].
2.2. Primordial Power Spectrum of Scalar Perturbations
The standard inflationary models predicts a power-law (PL) form for the PPS of scalar and
tensor modes generated in the very early Universe. In principle, however, inflation can be
more complicated and the PPS can present features: while testing a cosmological model, if
one considers the wrong PPS, some bias can be introduced in the results. Testing all the
possible inflationary models is beyond the scope of this work: we rather prefer to consider a non-
parametric description of the PPS to study how the constraints on the cosmological parameters
change if the PPS is free to vary.
In order to describe a free form for the PPS of scalar perturbations, we use the method
presented in Ref. [1]. Our parameterization of the PPS is based on the choice of twelve nodes
spanning a wide range of wavemodes: we then describe the spectrum as an interpolation among
them. We use the “piecewise cubic Hermite interpolating polynomial” (PCHIP) [17] to interpolate
the twelve nodes Ps,j = Ps(kj)/P0, where the wavemodes kj are { k1 = 5 × 10−6 Mpc−1,
k2 = 10
−3 Mpc−1, kj = k2(k11/k2)(j−2)/9 for j ∈ [3, 10], k11 = 0.35 Mpc−1, k12 = 10 Mpc−1 }. In
the range (log k2, log k11) the nodes are equally spaced, since this is the wavemode range were
the data constraints are stronger [13]. We fix the first and last nodes to ensure that all the
evaluations of the PPS are inside the covered range: consequently, we expect that Ps,1 and Ps,12
are less constrained by the data.
The interpolating function we consider is a modified version of the PCHIP algorithm [18] that
have the aim to maintain in the interpolated function the same monotonicity of the initial point
series. The PCHIP PPS is:
Ps(k) = P0 × PCHIP(k;Ps,1, . . . , Ps,12), (3)
where Ps,j is the value of the PPS at the node kj divided by the normalization P0. For a complete
description of the PCHIP parameterization, we refer to Ref. [1].
When we consider the “inflationary freedom” model, with the PPS described by the
PCHIP algorithm, we use four out of six of the ΛCDM parameters described in the previous
subsection (Ωch
2, Ωbh
2, τ , θ), while the two parameters describing the PL PPS are replaced by
the twelve nodes (Ps,1, . . . , Ps,12) that we use to describe the PCHIP PPS [1, 2].
3. Results
In this section we present the results obtained for two different candidates contributing to dark
radiation: the light sterile neutrino in Subsection 3.1 and the thermal axion in Subsection 3.2.
3.1. Light Sterile Neutrino Analysis
The first dark radiation candidate we consider is the light sterile neutrino. This is motivated
by the anomalies registered in different Short BaseLine (SBL) oscillation experiments, such as
LNSD [19] and MiniBoone [20], but also in the measured fluxes coming from many nuclear
reactors [21] and in the calibration of some Gallium experiments for solar neutrino oscillations
[22]: all these anomalies can be explained if the standard three neutrino paradigm is extended
with the addition of a fourth neutrino mass eigenstate, providing a squared mass difference
∆m241 = ∆m
2
SBL ' 1 eV1 with respect to the lightest mass eigenstate. The fourth neutrino is
mainly sterile. A sterile neutrino is not coupled to the Standard Model with the standard weak
interactions. For a detailed discussion on the light sterile neutrino and its effects in cosmology,
see the recent review [23].
To study the light sterile neutrino in cosmology, we consider an extension of the ΛCDM model,
where we add a neutrino state νs described by two additional parameters: its mass ms and its
contribution to the radiation energy density in the early Universe ∆Neff. We assume that the
masses of the three lighter neutrinos are much below the mass of the additional neutrino: in
this case we can approximate m1 ' 0 and ms ' m4 '
√
∆m2SBL. Assuming that the light
sterile neutrino is the only relativistic species beyond the three active neutrinos and photons,
its contribution to radiation energy density is ∆Neff = Neff − NSMeff . In this analysis ∆Neff is
limited in the range [0, 1], since we assume that the contribution to the radiation energy density
from the additional sterile neutrino cannot overcome the contribution of a single standard active
neutrino.
When we study the additional neutrino, we shall include information on its mass ms coming
from the analysis of the SBL data as presented in [24]: this information is added as a prior on
ms in the cosmological analysis [25].
1 We name mi the mass of the i-th neutrino mass eigenstate (i = 1, . . . , 4) and we define ∆m
2
ij = m
2
j −m2i .
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Figure 1. Marginalized constraints at 1, 2 and 3σ in the (meffs , ∆Neff) plane, from cosmological
data only. In the left panel we considered the standard power-law (PL) form for the PPS of scalar
perturbations, while in the right panel this assumption is relaxed and we used a PCHIP PPS.
From [1].
In this analysis we considered the CMB temperature data from the Planck 2013 release [26],
the Atacama Cosmology Telescope (ACT) [27] and the South Pole Telescope (SPT) [28], plus
the CMB polarization data measured by WMAP [9]. We include also measurements at low
redshift: the matter power spectrum from the WiggleZ Dark Energy Survey [29], a prior on the
Hubble parameter H0 = 73.8 ± 2.4 km s−1 Mpc−1 [30], the cluster mass function obtained by
the Planck cluster counts through the Sunyaev Zel’dovich (SZ) effect [31] and the CFHTLenS
measurements of the 2D cosmic shear [32, 33]. This complete dataset is named “COSMO”.
In Figure 1 we compare the marginalized constraints in the (ms, Neff) plane obtained in the
context of the extended ΛCDM+νs model when a standard PL PPS is assumed (left panel)
with those obtained with the free PCHIP PPS (right panel). The preference for ms > 0 is driven
by the inclusion of the cluster counts and cosmic shear measurement, while the preference for
∆Neff > 0 is driven by the correlation with the Hubble parameter H0 and the inclusion of the H0
prior (see e.g. Refs. [34, 35]). Nonetheless, ∆Neff = 1 is disfavoured when the PPS is described
by the PL form, with the consequence that a full thermalization with the active neutrinos is
disfavoured for the sterile neutrino. In the right panel we can compare how the results change
when a PCHIP PPS is included: the additional freedom in the PPS can compensate the Silk
damping effect driven by the higher Neff and the favoured value is ∆Neff = 1, corresponding to
a fully thermalized sterile neutrino.
The situation is slightly different for the case in Fig. 2, where the only difference with Fig. 1
is that the fit is performed using the SBL prior on ms in addition to the COSMO dataset. In the
left panel, obtained with the PL PPS, we see how for a ms ' 1 eV neutrino ∆Neff = 1 is strongly
disfavoured, with an upper limit of roughly ∆Neff < 0.5 at 3σ. Also in this case the introduction
of inflationary freedom with the PCHIP PPS changes the situation: even if ∆Neff = 1 is still
disfavoured by the 1σ constraints, the full thermalization of the sterile neutrino is compatible
with the 2σ constraints, if ms is slightly less than 1 eV. If the sterile neutrino existence will
be confirmed by the SBL oscillation experiments, we will have to deal with its presence in
cosmology: a non-standard shape of the PPS would possibly reconcile a full thermalization with
cosmology, solving the theoretical problems related to the explanation of the sterile neutrino
incomplete thermalization.
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Figure 2. As in Fig. 1, but with the inclusion of the prior on ms from SBL experiments [24].
From [1].
3.2. Axion sector
The second candidate of dark radiation we consider here is the thermal axion. Axions represent a
possible solution to the strong CP problem [36, 37], being the Pseudo-Nambu-Goldstone bosons
of a global symmetry U(1)PQ (Peccei-Quinn), spontaneously broken at the axion scale fa.
Axions can be produced either in non-thermal or thermal processes: here we consider only
the latter possibility. A thermally produced axion has an impact on cosmology similar to
a extra sterile neutrino, contributing as radiation in the early Universe and as a massive
component at late times. As for the sterile neutrino, if the thermal axion is the only relativistic
species beyond photons and active neutrinos, its contribution to the radiation energy density is
∆Neff = Neff − 3.046: this quantity can be calculated numerically in cosmology and depends on
fa. The mass of the axion depends on the scale fa through the relation
ma = 0.6 eV
107 GeV
fa
. (4)
Since both the axion mass and the axion effective number ∆Neff can be expressed as a function
of the axion scale fa, for practical reasons, we parameterize ∆Neff as a function of ma and we
use only the axion mass as an additional parameter to extend the ΛCDM model. For a detailed
calculation of the axion properties in cosmology, see e.g. Ref. [38]. For recent constraints on the
axion mass from cosmology, see e.g. Ref. [39].
In this analysis we considered as baseline dataset the same CMB data mentioned for the
sterile neutrino analysis: temperature spectra from the Planck 2013 release [26], the Atacama
Cosmology Telescope (ACT) [27] and the South Pole Telescope (SPT) [28], plus the CMB
polarization data measured by WMAP [9]. We shall extend it with a prior on the Hubble
parameter H0 = 70.6 ± 3.3 km s−1 Mpc−1 [40], and Baryon Acoustic Oscillations (BAO) data
from the WiggleZ [41], the 6dF [42] and the SDSS II surveys [43, 44], plus the DR11 results from
the Baryon Oscillation Spectroscopic Survey (BOSS) [45] survey, and using the results from the
Planck cluster counts (PSZ) [31], obtained both with a fixed or a free mass bias.
We show in Fig. 3 the marginalized constraints at 1 and 2σ in the (ma, σ8) plane, for
different data combinations, when using the PL PPS (left panel) and the PCHIP PPS (right
panel). Similarly to what we found in the neutrino analysis, the axion mass constraints are
relaxed when the PPS is free, but in this case the difference is not so large. The main difference
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Figure 3. Marginalized constraints at 1 and 2σ in the (ma, σ8) plane, from different
cosmological data combinations. In the left panel we considered the standard power-law (PL)
form for the PPS of scalar perturbations, while in the right panel this assumption is relaxed and
we used a PCHIP PPS. From [2].
is that in this case the axion contribution to Neff depends on ma, while for the sterile neutrino
the mass contribution is independent of ∆Neff: giving rise to two well separated effects, the axion
mass constraints are more robust and less influenced by inflationary freedom. The freedom in
the PPS, in fact, can compensate in an easier way the Silk damping that comes from an increase
of Neff than the effects driven by the addition of a massive component.
3.3. Constraints on the Free Primordial Power Spectrum
From the MCMC analyses shown in the previous sections we obtain also constraints on the
shape of the PCHIP PPS. In Fig. 4 we compare the PCHIP PPS reconstructions as obtained
in the ΛCDM+νs model (left panel, from [1]) and in the ΛCDM+ma model (right panel,
from [2]). We can list a number of common properties for these two spectra: there is a
region that is well approximated by the PL PPS, that is the part included in the range
7 × 10−3 Mpc−1 ≤ k ≤ 0.2 Mpc−1: the difference between the two reconstructions, here, is
the tilt of the PPS, that must be closer to be flat in the ΛCDM+νs in order to compensate a
higher ∆Neff from the sterile neutrino. Outside this range the PPS contains a number of features:
the main deviations from the PL form are located around k = 2 × 10−3 Mpc−1, where a dip
corresponding to the one at ` ' 22 in the CMB spectrum is present, and k = 3.5× 10−3 Mpc−1,
with a small bump corresponing to the one in the CMB spectrum at ` ' 40. The behaviour
at k ≤ 10−4 Mpc−1 and k ≥ 1 Mpc−1 is more uncertain since it is poorly constrained by the
cosmological data. These results are in agreement with the constraints obtained with different
and possibly more precise reconstruction methods (see e.g. Refs. [12, 13, 14, 15]).
4. Conclusions
Inflation is the mechanism that provides a solution to the flatness and horizon problems with
an initial phase of accelerated expansion in the early Universe. Even if the simplest inflationary
models predict a featureless primordial power spectrum (PPS) for scalar perturbations, Nature
can have chosen a more complicate model, with the consequence that the PPS is not featureless
and it can only be approximated by a power-law description in a limited range of wavemodes.
If this is the case, the freedom in the PPS can have a strong impact on the constraints of
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Figure 4. Shape of the reconstructed PCHIP PPS, in the ΛCDM+νs model (left panel, from
[1]) and in the ΛCDM+ma model (right panel, from [2]). The solid line represents the best-fit,
while the bands are the contours at 1, 2, 3σ.
other cosmological quantities, such as the properties of dark radiation. We showed how the
constraints on a light sterile neutrino or a thermal axion can change: if the PPS is free, a
fully thermalized light sterile neutrino is preferred from the cosmological analysis, instead of
being strongly disfavoured as when the PPS is described by the power-law. The constraints on
the thermal axion mass are also relaxed when the PPS is relaxed from the power-law to the
PCHIP form, even if in a less significant way. A new analysis of dark radiation properties with
the inclusion of the newest 2015 Planck results is currently in preparation [46].
We considered here how “inflationary freedom” can change the constraints on dark radiation
properties, but it can be interesting to extend the study to different cosmological observables.
As an example, a non-standard PPS can influence the constraints on non-gaussianities from
future probes [47]: the missing knowledge about inflation, then, can lead to possible biases in
the constraints for a number of cosmological quantities.
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